Abstract. We show that the class of 1-exact operator systems is not uniformly definable by a sequence of types. We use this fact to show that there is no finitary version of Arveson's extension theorem. We also remark on the connection between our results and the fundamental result of Junge and Pisier that, for n ≥ 3, the space OSn of n-dimensional operator spaces is not separable in the strong topology. We then introduce a variant of OSn and connect this new space to the Kirchberg Embedding Problem, which asks whether every C * algebra embeds into an ultrapower of the Cuntz algebra O2. We end with some results concerning the question of whether or not the local lifting property (in the sense of Kirchberg) is uniformly definable by a sequence of types in the language of C * algebras.
Introduction
It has recently been observed that many properties of C * algebras, while not axiomatizable (in the sense of first-order logic), are uniformly definable by a sequence of types, that is, for each (m, j) ∈ N 2 , there is a formulae φ m,j ( x m ) in the language of C * algebras such that:
(1) each φ m,j takes only nonnegative values; (2) for a fixed m, each φ m,j has the same modulus of uniform continuity; (3) a C * algebra A has the property if and only if, for each m ∈ N, we have
In other words, the C * algebra has the property if and only if it omits each of the types Γ m,n ( x m ) := {φ m,j ( x m ) ≥ 1 n : j ∈ N}. Condition (1) is merely a convenient normalization and condition (2) is used in technical applications to ensure that the infinitary formula inf j φ m,j is uniformly continuous and its interpretation has the same modulus of uniform continuity when interpreted in any C * algebra; it is really condition (3) that is the most important.
In [7] , it is proved that the following properties of a C * algebra are uniformly definable by a sequence of types: UHF (for separable algebras), AF (again, for separable algebras), nuclear, nuclear dimension ≤ n (for any given n), decomposition rank ≤ n (again, for any given n), Popa, TAF, simple (for unital C * algebras).
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In connection with the results from [7] , Ilijas Farah asked whether or not exactness is uniformly definable by a sequence of types. In this paper, we answer a related question by proving that 1-exactness for operator systems is not uniformly definable by a sequence of types (in the language of operator systems). ( We should remark that the types defining nuclearity are types in the language of operator systems.) We first show that if the 1-exact operator systems were uniformly definable by a sequence of types, then, for any n, the n-dimensional 1-exact operator systems form a dense G δ subset of the set of all n-dimensional operator systems in the weak topology defined by Junge and Pisier in [12] . On the other hand, we point out that the arguments in Junge and Pisier [12] show that, for n ≥ 5, the set of exact n-dimensional operator systems cannot be G δ . We also show how the existence of a proof that the 1-exact operator spaces are not uniformly definable by a sequence of types that avoids the Junge-Pisier machinery can in turn be used to give a model-theoretic proof of a significant corollary of their result, namely that there is no universal separable operator system.
We use the fact that the 1-exact operator systems are not uniformly definable by a sequence of types to prove that there cannot exist a quantitative, finitary version of Arveson's extension theorem. We should mention that before we proved that exactness is not uniformly definable by a sequence of types, Taka Ozawa outlined a proof that the quantitative version of Arveson's extension theorem cannot hold. We include his proof here, although our proof is technologically more elementary.
We then describe a variant of the spaces OS n that we then use to give a new equivalent formulation of the Kirchberg embedding problem, which asks whether every C * algebra embeds into an ultrapower of the Cuntz algebra O 2 .
In the final section, we show how our results imply that the class of operator systems that have the local lifting property (in the sense of Kirchberg) is not uniformly definable by a sequence of types. In a positive direction, we show that the class of C * algebras with the local lifting property is infinitarily axiomatizable and prove that a certain weakening of the LLP is uniformly definable by a sequence of types.
We will assume that the reader is familiar with the operator space and system notions being described in this paper, although we will occasionally remind the reader of the definitions of these notions. We will also assume that the reader is familiar with the model-theoretic treatment of operator algebras, spaces, and systems; our earlier paper [9] describes this is in great detail.
We would like to thank Bradd Hart and Taka Ozawa for useful conversations regarding this work.
Model-theoretic preliminaries
In this section, we need to review two important model-theoretic ingredients for our arguments: the Polish space of codes for structures and basic definitions and properties concerning definable predicates.
2.1. The Polish space of codes for structures. In this subsection, we review the notion of codes for structures. This topic is discussed [2, Section 1] for relational languages. We present the topic here for the sake of completeness and also for arbitrary languages.
Fix a continuous, separable language L (not necessarily relational!). For the sake of exposition, we assume that L is 1-sorted, although we will eventually apply this discussion to the language of operator spaces or the language of operator systems, both of which are many sorted.
Fix a countable set (ϕ i ) i<ω of atomic L-formulae that is dense in the set of all formulae in any finite number of variables. Set n i to be the arity of ϕ i . We will think of P ∈ i R N n i as potentially coding an L-pre-structure M with N as a distinguished countable dense set according to the rule ϕ i ( n) M := P (i)( n). Of course, not all elements of i R Nn i represents such codes. First, we note that we can read off d(m, n) for any m, n ∈ N by setting d(m, n) := lim j→∞ ϕ i j (m, n), where ϕ i j (x, y) converges uniformly to d(x, y). We will say that P codes a pseudometric space if the induced function d : N 2 → R is a pseudometric. We will say that P codes an L-prestructure if P codes a pseudometric space and P respects the modulus of uniform continuity for each ϕ i , that is, for any tuples m, n of the appropriate length such that d( m, n) < ∆ ϕ i (ǫ), we have |P (i)( m) − P (i)( n)| ≤ ǫ. We let M denote the set of codes of L-prestructures. It is quite easy to see that M is a G δ subset of i R N n i , whence is Polish. We refer to this Polish topology on M as the logic topology on the space of codes.
Given P ∈ M, we can construct an L-structure M P as follows. First, one lets Y P denote the so-called term algebra on N, that is, all expressions one obtains from N by successive applications of the function symbols. Note that the pseudometric d P extends naturally to Y P as d(t 1 , t 2 ) can be read off from the dense sequence of formulae. Moreover, Y P is still an L-prestructure. One can then separate and complete Y P to obtain an L-structure M P ; see [1, Section 3] We will need the following well-known fact (which is also straightforward to verify from the definitions).
Lemma 2.1. Suppose that T is a universal theory. Let M T denote the elements of M that code models of T . Then M T is closed in the logic topology.
Definable predicates.
In this section, we review the necessary background on definable predicates. For more explanation and proofs, see [1, Section 9] and [7] .
Let T be an L-theory. Let F n denote the set of L-formulae in n free variables. There is a natural seminorm · T on F n given by ϕ T := sup{ϕ M (a) : M |= T, a ∈ M n }. One can separate and complete (F n , · T ); the elements of this completion are called n-ary definable predicates for T and the set of n-ary definable predicates for T forms a Banach algebra. Given any n-ary definable predicate P , there are L-formulae (ϕ m ) from F n such that P − ϕ m T ≤ 1 m . This allows us to define, for any M |= T , a uniformly continuous function P M : M n → R by P M (a) := lim m→∞ ϕ M m (a). Conversely, suppose that there is an association M → P M from models M of T to uniformly continuous functions P M : M n → R where the modulus of uniform continuity is the same for all P M 's. Then Beth's definability theorem implies that P is a definable predicate for T if and only if the class of structures (M, P M ) is an axiomatizable class. Moreover, in order to check that this latter property holds, one needs to check that, for any models M i of T with ultraproduct M, we have
The following lemma shows us that we can use definable predicates when showing that a property is uniformly definable by a sequence of types; the distinction between formulae and definable predicates is safely ignored in [7] , but we include a proof here for the sake of completeness.
Lemma 2.2. If we use definable predicates rather than formulae in the definition of uniformly definable by a sequence of types, we do not get a different notion.
Proof. Suppose that, for each m, j, P m,j ( x m ) is a nonnegative definable predicate and (ϕ n m,j ) n are nonnegative formulae such that P m,j − ϕ n m,j ∞ < 1 n . Then the following two requirements are equivalent:
• sup xm inf j P m,j (x) = 0 for all m;
• sup xm inf j (ϕ n m,j ( x m ) − . 1 n ) = 0 for all m and n. Note also that the modulus of uniform continuity for ϕ n m,j − . 1 n depends only on m and n.
Exact operator spaces and systems
Let OS n be the space of all isomorphism classes of n-dimensional operator spaces. There are two natural (metric) topologies on this space which we will refer to as the strong and weak topologies. For E, F ∈ OS n and k ≥ 1, we define
One can show that log d cb is a (complete) metric on OS n and the resulting topology is called the strong topology on OS n . It is straightforward to verify that a net E i converges to E strongly if and only if there are linear bijections
Similarly, log d k is a metric on OS n as is the metric δ w := k≥1 2 −k log d k . The topology induced by δ w is called the weak topology on OS n . Here, a net E i converges to E weakly if and only if there is a net of linear bijections
equivalently, E is completely isomorphic to ω E i for any free ultrafilter on the index set. It follows that (OS n , wk) is a compact Polish space.
Recall that a finite-dimensional operator space E is said to be 1-exact if there are linear bijections
We let E n denote the set of n-dimensional 1-exact operator spaces. It follows that E n is the strong closure of the n-dimensional matricial operator spaces.
As we will see in the next section, it will be important to understand the complexity (in the sense of descriptive set theory) of E n in the weak topology. Our first observation is that, for n ≥ 3, E n is not weakly comeager. In fact, this is precisely what Junge and Pisier [12, Theorem 2.3] establish in order to conclude, via Baire Category arguments, that OS n is not strongly separable for n ≥ 3.
Theorem 3.1 (Junge and Pisier). For any n ≥ 3, E n is not weakly comeager.
Proof. Suppose, towards a contradiction, that E n is weakly comeager. By [12, Proposition 2.1] and [6, Theorem 2.2], the map E → E * (the operator space dual) on OS n is an isometric bijection (in either the weak or strong topology). It follows that {E ∈ OS n : E * ∈ E n } is also comeager, so by the Baire Category Theorem, {E ∈ OS n : E, E * ∈ E n } is dense, which is precisely the fact that leads to a contradiction in [12, Theorem 2.3] .
As E n is weakly dense (see, for example, the proof of [12, Proposition 2.2]), this shows: Corollary 3.2. For any n ≥ 3, E n is not weakly G δ .
Remarks 3.3.
(1) We achieved a contradiction in the previous corollary by showing that, for n ≥ 3, if E n is weakly G δ , then OS n is strongly separable. In [12] , Junge and Pisier prove that if OS n is strongly separable, then in turn any strongly closed set (e.g. E n ) is weakly G δ . Thus, any proof that E n is not weakly G δ would yield a new proof that OS n is not strongly separable. (2) For any n ≥ 3, (E n , wk) is not a Baire space. Indeed, suppose that (E n , wk) is a Baire space, and consider the identity map id : (E n , wk) → (E n , strong). By the same argument as in [12, Theorem 2.3]), id is Baire class one. By [14, Theorem 8.38 ], the points of continuity of id are dense in (E n , wk), that is, those E ∈ E n for which E * ∈ E n are weakly dense in E n , whence the set of all E ∈ OS n so that both E and E * are in E n is weakly dense in OS n , leading to the same contradiction.
Although it plays no pivotal role in the sequel, we observe the following:
Proof. By the small perturbation argument, for any unital separable C * -algebra A, the space of all n-dimensional operator subsystems of A is separable in the strong topology for all n. As the relative weak and strong topologies coincide on the matricial operator systems (Smith's lemma), the set of matricial operator systems is separable in the weak topology; let (F k ) enumerate a countable dense set of them. Then E ∈ ¬ E n if and only if
It remains to note that
Where exactly in the Borel hierarchy does E n lie? In particular, is E n Π 0 3 -complete? 3.1. Applications to operator systems. Let OSy n be the subset of OS n consisting of all n-dimensional operator systems, where the morphisms are now unital linear bijections. We conclude this section by mentioning that all of the discussion in this section holds for the category of n-dimensional operator systems rather than the category of n-dimensional operator spaces, the only exception being that the corresponding version of Theorem 3.1 holds for n ≥ 5 instead of n ≥ 3.
The main result
In this section, we use the fact that E n is not G δ in the weak topology to prove that the 1-exact operator spaces (resp. 1-exact operator systems) are not uniformly definable by a sequence of types in the language of operator spaces (resp. the language of operator systems). For simplicity, we work entirely in the operator space category, although all proofs carry over to the operator system category without any change to the proofs.
We return to the discussion from Subsection 2.1 but specialize to the case of operator spaces. We let L denote the language of operator spaces (see, e.g. [9] ) and we let M n ⊆ M denote the set of codes for n-dimensional operator spaces. We claim that M n is a G δ subset of M, whence (M n , logic) is also a Polish space. Indeed, the set of operator systems of dimension at most n is a universally axiomatizable class, whence the set of codes for such operator systems forms a closed subset of M by Lemma 2.1. It follows that M n is the intersection of a closed subset of M with an open subset of M, so it is G δ .
We have a "forgetful" map F : M n → OS n given by sending an element of M n to the operator system it codes.
Proof. Continuity is trivial to check as is surjectivity. Fix E ∈ OS n and choose X ∈ F −1 (E). Let {x i } be the coding of E given by X. A basic open neighborhood U of X checks a finite number of conditions over a finite number of sorts involving only {x 1 , . . . , x q } for some q. It follows that we may choose k, η > 0 so that for each E ′ such that d k (E ′ , E) < η witnessed by φ :
, and openess follows.
Theorem 4.2. The class of 1-exact operator spaces is not uniformly definable by a sequence of types in the language of operator spaces.
Proof. Suppose, towards a contradiction, that the class of 1-exact operator spaces is uniformly definable by a sequence of types in the language of operator spaces. Then there are formulae φ m,j (x 1 , . . . , x lm ) in the language of operator spaces taking only nonnegative values so that, for an operator space E, we have that E is 1-exact if and only if
Fix n ≥ 3. We obtain a contradiction by showing that E n is G δ in the weak topology on
It is straightforward to see that U m,k,q is open in the logic topology on M n and that
continuous, open map, whence (E n , wk) is Polish as well by a classical result of Sierpiński (see [14, Theorem 8.19] ). It follows that E n is a G δ subset of OS n in the weak topology.
Remark. By consider n ≥ 5 and applying the operator system version of Theorem 3.1, we obtain the operator system version of Theorem 4.2.
Remark. Recall from the introduction that Theorem 4.2 was inspired by a question of Iljias Farah, namely whether or not the class of exact C * algebras is uniformly definable by a sequence of types. (For a C * algebra, exact is the same as 1-exact.) We point out that Theorem 4.2 does not seem to lead to a resolution of Farah's question. Since the forgetful map from the category of C * algebras to the category of operator systems is an equivalence of categories, it follows from the Beth definability theorem that there are formulae in the language of operator systems that approximate, uniformly over all C * algebras, the algebra multiplication, whence any types that could be used to define the exact C * algebras could be taken in the language of operator systems. Still, this seems to be of little use due to the loose connection between 1-exact operator systems and exact C * algebras. For example, there are 1-exact operator systems that do not embed into any exact C * algebras; see [16] and [18] . Suppose that Problem 4.3 has a positive solution. Then we can give a model-theoretic proof of the fact that there is no universal separable operator space. To explain this, we first need to mention some model-theoretic facts about the noncommutative Gurarij space NG, which is the unique separable 1-exact operator space satisfying the following universal property: whenever X ⊆ Y are finite-dimensional 1-exact operator spaces, φ : X → NG is a completely isometric embedding, and ǫ > 0 is given, there is an injective linear map ψ : Y → NG extending φ with ψ cb ψ −1 cb < 1 + ǫ. The existence of NG was proved by Oikhberg in [19] . Oikhberg only managed to prove approxiate uniqueness of NG; in [17] , Lupini proved (among many other things) the uniqueness of NG by realizing it as a certain Fraisse limit.
The following facts were proven in [8] ; the proof of the second item uses Theorem 4.2. Now suppose that Y is a separable operator space that contains (a copy of) every finite-dimensional operator space. By Fact 4.4 (1), there is a separable operator space Z that is elementarily equivalent to NG and such that Y is contained in Z. Let n be fixed and let (z k ) enumerate a countable dense subset of Z n 1 . Let q k := tp Z (z k ) ∈ S n (Th(NG)); we claim that (q k ) is dense in S n (Th(NG)). Indeed, suppose E |= Th(NG), a ∈ E n 1 , and ǫ > 0. By assumption on Y , there is a complete isometry φ : E(a) → Z, where E(a) denotes the span of a in E. By quantifier-elimination, tp E (a) = tp Z (φ(a)).
A similar argument shows that S x (Th(NG)) is separable, for x any finite tuple of variables ranging over any sorts. In other words, Th(NG) is small. By general model theory (see [3, Section 1] for a presentation in continuous logic), we have that Th(NG) has a prime model, contradicting Fact 4.4 (2) .
By proving that there is no universal separable operator space, Junge and Pisier refuted Kirchberg's Conjecture (A) from [15] , which was proven by Kirchberg to have many other interesting reformulations, including the statement that there is a unique C* norm on B(H) ⊙ B(H) and also that the implication "WEP implies LLP" holds. It is possible that there is a deeper connection between the metric on the type space for Th(NG) and the cbdistance on OS n that might allow one to recover the full result of Junge and Pisier, namely the non-separability of (OS n , strong) for n ≥ 3.
Failure of finitary Arveson extension
In this section, we show how the results of the previous section can be used to show that an approximate, quantitative version of Arveson's extension theorem fails. To motivate this result, we start by giving a new proof that the class of nuclear C * algebras is uniformly definable by a sequence of types.
First, it will be convenient to introduce a new definition:
Definition 5.
1. An operator system X is said to be CP-rigid if, for each n, δ > 0, there is k, ǫ > 0 such that, for any unital, * -linear map φ : E → X with E an n-dimensional operator system and φ k < 1 + ǫ, there is a u.c.p. map φ ′ : E → X with φ − φ ′ < δ.
Proof. Let φ : E → M k be as above. By Smith's lemma (see, for example, [4, Lemma B.4]), we have that φ cb = φ k . Next it follows from the Haagerup-Paulsen-Wittstock extension theorem that for any unital, * -linear
.) It follows that, for the parameters n, δ as above, we may choose k, δ/2.
We also recall from [9] that an operator system X is CP-stable if, for any finite-dimensional subspace E 1 ⊆ X and any δ > 0, there is a finitedimensional E 2 ⊆ X containing E 1 and n, ǫ > 0 such that, for any unital map φ : E 2 → A, where A is a unital C * algebra, with φ n < 1 + ǫ, there is a u.c.p. map ψ : E 1 → A such that φ|E 1 − ψ < δ. In [9, Proposition 2.39], it was shown that M k is CP-stable for each k.
Finally, we recall the definition of ∆ nuc from [7] . Let A be a C * algebra and let a be an l-tuple from A. Then ∆ A nuc,l ( a) = inf φ,ψ (ψ • φ)( a) − a , where the infimum is taken over all u.c.p. maps φ : A → M k and ψ : M k → A. Thus, A is nuclear if and only ∆ nuc,l is identically 0 for each l.
The following first appeared in [7] :
Proposition 5.3. The class of nuclear operator systems is uniformly definable by a sequence of types (in the language of operator systems).
Proof. Let A be a C * algebra. Fix n and a tuple length ℓ. Forā ∈ A ℓ , let E(ā) be the operator system generated byā. Let S(n, ℓ) be the set of unital, self-adjoint linear maps φ : E(ā) → M n so that φ n ≤ 1 + 1/n. By Smith's lemma φ cb < 1 + 1/n, and as M n is injective if follows that there is a u.c.p. map ξ : A → M n so that ξ| E(ā) − φ < 2/n. Let T (n) be the set of all unital, linear maps ψ : M n → A so that ψ s < 1 + δ where s and δ < 1/n are effective constants which depend only on n chosen so that there is a u.c.p. map η : M n → A so that η − ψ < 1/n. (The existence of such constants is guaranteed since M n is CP-stable.) Define
We first note that each P n,l is a definable predicate (relative to the theory of operator systems). By the discussion in Subsection 2.2, it suffices to show that: if (E i ) are operator systems and E := ω E i , then, for everȳ a = (ā i ) • ∈ E, P E n,l (ā) = lim ω P E i n,l (ā i ). This fact is clearly true (as we are factoring through the same fixed matrix algebra).
To finish the proof of the proposition, it suffices to show that, for everyā ∈ A l , we have Υ nuc,l (ā) = 0 ⇔ ∆ nuc,l (ā) = 0. Suppose first that Υ nuc,l (ā) = 0. Then for every ǫ > 0 there is n such that P n,l (ā) < ǫ. Note that this implies that n > ǫ −1 . Replacing φ and ψ by u.c.p. maps φ ′ and ψ ′ , by the triangle inequality we have that ∆ nuc,l (ā) ≤ ǫ + 3 n (1 + 1 n ) < 7ǫ. Now suppose ∆ nuc,l (ā) = 0 and fix ǫ > 0. Then there are n and u.c.p. maps φ : A → M n and ψ :
there is an ǫ-witness to nuclearity again in M 2n (there exists a conditional expectation from M 2n onto M n ⊕M n ). Choosing k such that s := 2 k n > ǫ −1 , we have that Υ nuc,l (ā) ≤ P s,l (ā) < 2ǫ, and we are done.
If one tries to mimic this argument in order to prove that the class of 1-exact operator spaces is uniformly definable by a sequence of types, then one ends up desiring that B(H) satisfies finitary Arveson extension: Definition 5.4. We say that an operator system X satisfies finitary Arveson extension (FAE) if X ω is finitely approximately injective for any ultrapower of X.
We recall that an operator system X is approximately injective (a.i.) if, for every inclusion of finite-dimensional operator systems E ⊂ F , any u.c.p. map φ : E → X and ǫ > 0, there exists a u.c.p. map φ ′ : F → X so that φ ′ | E − φ < ǫ. X is finitely approximately injective (f.a.i.) if the conclusion of approximate injectivity holds with the restriction that E ⊂ F ⊂ M n for some n.
Lemma 5.5. X satisfies FAE if and only if the following condition holds: given n, η > 0, an operator system E ⊂ M n , and k, δ > 0 there exist l, ǫ > 0 so that for any unital map φ : E → X with φ l < 1 + ǫ there exists a unital map φ ′ : M n → X so that φ ′ k < 1 + δ and φ ′ | E − φ < η.
Proof. The proof follows the standard argument, making use of the fact that a map is u.c.p. if and only if it is unital and completely contractive.
Lemma 5.6. Assume B(H) is FAE. Fix n, and let E ⊂ M n be an operator space. Then for every C, η > 0 there exists k, ǫ > 0 so that for any map φ : E → B(H) with φ k < C + ǫ, there exists φ ′ : E → B(H) so that φ cb ≤ C and φ ′ − φ < η.
Proof. By rescaling we may assume that C = 1. Let E ′ be the operator system generated by E. By Paulsen's trick, there is an operator space F ⊂ M 2 (E ′ ) ⊂ M 2n such that (F ) 12 = E and a unital, * -linear mapφ : F → M 2 (B(H)) with φ k ≤ 1 + ǫ such that (φ) 12 = φ. Since B(H) is assumed to be FAE, by Lemma 5.5, given ℓ, δ > 0 there are suitable k, ǫ so thatφ δ-almost extends to a unital, * -linear map ψ : M 2n → B(H) with ψ ℓ < 1 + δ. However, since M 2n is CP-stable,for any η > 0, there are suitable ℓ, δ > 0 so that ψ is η-close to a u.c.p. map ψ ′ . We let φ ′ := (ψ ′ ) 12 .
We remind the reader that if E is an operator space, then E is 1-exact if and only if, for every finiteā from A and every ǫ > 0, there are n and completely contractive (c.c.) maps φ : E → M n and ψ : M n → B(H) such that (ψ • φ)(ā) −ā < ǫ.
Theorem 5.7. B(H) does not satisfy FAE.
Proof. We prove that, if B(H) is FAE, then the class of 1-exact operator spaces is uniformly definable by a sequence of types in the language of operator spaces, contradicting (the operator space version of) Theorem 4.2. The proof is similar to the proof of Proposition 5.3. Let A be an operator space. Fix n and a tuple length ℓ. Forā ∈ A ℓ , let E(ā) be the operator space generated byā. Let S(n, ℓ) be the set of linear maps φ : E(ā) → M n so that φ n < 1 + 1/n. By Smith's lemma, φ cb < 1 + 1/n, and as M n is injective if follows that there is a c.c. map ξ : A → M n so that ξ| E(ā) −φ < 2/n. Let T (φ, n) be the set of all linear maps ψ : φ(E(ā)) → A so that ψ s < 1 + δ where s, δ are effective constants which depend only on n and φ, chosen so that there is a c.c. map η : M n → B(H) with η| φ(E(ā)) − ψ < 1/n; the existence of such constants is guaranteed by Lemma 5.6 and the fact that
As before, we have that each R n,l is a definable predicate and, using the remark preceding this proof, we see that an operator system is 1-exact if and only if each ∆ ex,l is identically zero.
We end this subsection with a few clarifying results about FAE.
Lemma 5.8. If X ω is f.a.i., then X ω is finitely injective, that is, for every inclusion of operator systems E ⊂ F ⊂ M n and u.c.p. map φ : E → X ω , there is a u.c.p. extension φ ′ : F → X ω of φ to F .
Proof. Let φ : E → X ω be a u.c.p. map. Since X ω is f.a.i. for each l there exists φ (l) : F → X ω such that φ (l) | E − φ < 1/l. Since E and F are finite dimensional, we may choose representatives φ = (φ n ) • and φ (l) = (φ
so that each coordinate is a unital linear map and φ n k , φ (l) n k → 1 as n → ω for all k. Choosing an appropriate sequence (l n ) we can construct the requisite map as φ ′ = (φ
Proposition 5.9. Let X ⊂ B(H) and let Z be the weak closure of X ω in B(H ω ). If X satisfies FAE, then for any u.c.p. map φ : E → X ω of an arbitrary operator system E, and any inclusion E ⊂ F , there is a u.c.p. extension φ : F → Z of φ to F . In other words, X ω ⊂ B(H ω ) is weakly injective. Recall from [9] that a C * algebra A is said to be semi-p.e.c. as an operator space if, whenever B is a C * algebra containing A, ϕ(x) is a positive existential formula in the language of operator spaces, andā is a tuple from A, then ϕ(ā) A = ϕ(ā) B . It was prove in [9] that if a C * algebra has WEP, then it is semi-p.e.c. as an operator space.
Corollary 5.12. If A is a C * algebra that satisfies FAE, then A is semip.e.c. as an operator space.
Proof. Since A ω has WEP, it is semi-p.e.c. as an operator space. Since A A ω , we get that A is also semi-p.e.c. as an operator space.
Proposition 5.7 also shows that the converse of Corollary 5.12 does not hold. Indeed, B(H) is semi-p.e.c. as an operator space (even as an operator system) by [9, Corollary 2.31] but does not satisfy FAE.
5.1.
Ozawa's argument. Before we had proven that the class of 1-exact operator systems was not uniformly definable by a sequence of types, we had asked Taka Ozawa whether or not B(H) satisfied FAE. He outlined a proof for us that B(H) does not satisfy FAE. Although our proof above is technologically simpler, Ozawa's proof is quite interesting, so we include it here. We thank him for his permission to include his argument.
There are a few technical preliminaries to dispense with first. Let R n and C n be the n-dimensional row and column spaces, respectively. Let RC n be the space
The following lemma is essentially contained in Remark 1.2 in [10] . See also section 2 of [20] . Fact 5.13 (Haagerup-Pisier) . Let φ : RC n → X be a (completely bounded) map. Suppose φ extends to a map φ ′ : R n ⊕ C n → X with φ ′ cb ≤ C. Setting x i := φ(δ i ), we then have that there exist a 1 , . . . , a n , b 1 . . . , b n ∈ X so that
Proof. Setting a i := φ ′ (e 1i ⊕ 0) and b i := φ ′ (0 ⊕ e i1 ), we see that the the required conditions are satisfied.
Fact 5.14 (Haagerup-Pisier). Let u 1 , . . . , u n ∈ C * r (F n ) be the unitaries corresponding to the standard free generators of F n , and let E n be the operator space spanned by u 1 , . . . , u n . Let θ : RC n → E n be defined by θ(δ i ) := u i . Then θ cb ≤ 2.
Proof. See Proposition 1.3 in [10] .
Lemma 5.15. Assume B(H) satisfies FAE. Let E ⊂ F ⊂ M n be an inclusion of matricial operator spaces. Then for any map φ : E → B(H) ω with φ cb ≤ C, there is an extension φ ′ : F → B(H) ω with φ ′ cb ≤ C.
Proof. Note that M 2 (B(H) ω ) ∼ = B(H) ω . Now, use Paulsen's trick to convert to matricial operator systems and u.c.p. maps.
We now are ready to give Ozawa's proof that B(H) does not satisfy FAE. Suppose, towards a contradiction, that B(H) ω was f.a.i. Since B(H) is injective, it follows that there exists a conditional expectation Φ from B(H) ω onto M := n∈ω M n (C) (C * algebra ultrapower). Let q : M → M vN be the quotient onto the von Neumann ultraproduct. By the remarkable result of Haagerup and Thorbjornsen [11] , there is a realization C * r (F 2 ) ⊂ M vN which lifts to an embedding ι :
. In particular, we have that (q • ι)(x) = x for all x ∈ C * r (F ∞ ). Fix arbitrary n ≥ 1. Let u 1 , . . . , u n denote the first free n generators of C * r (F ∞ ) and let θ n : RC n → B(H) ω be defined by Θ(δ i ) := ι(u i ). By Fact 5.14, we have that θ n is completely 2-bounded. Since B(H) ω is f.a.i., we have seen that we can extended θ n to a completely 2-bounded map from R n ⊕ C n into B(H) ω . By Fact 5.13, we have that ι(
yielding a contradiction to the fact that n was arbitrary.
5.
2. Yet another proof that B(H) ω is not WEP. We learned of the following fact from Bradd Hart:
Fact 5.16 (Kirchberg) . Let M := ω M n (the C * ultraproduct). Then a C * algebra A is exact if and only if the norm induced on A ⊙ M from the tensor product map A ⊙ M ֒→ ω M n (A) is the min-norm
After learning of this fact, the shortest proof that B(H) ω does not have WEP became apparent. Since M is weakly relatively injective in B(H) ω , if B(H) ω had WEP, then M would also have WEP. If M had WEP, then by Kirchberg's tensorial characterization of WEP, we would have that there is a unique C * norm on C * (F ∞ ) ⊙ M . Combining this fact with Fact 5.16, we get that C * (F ∞ ) is exact, a contradiction.
The spaces X n and Kirchberg's Embedding Problem
In this final section, we introduce a variant of the spaces OS n and connect them to Kirchberg's Embedding Problem, which asks whether every C * algebra is embeddable in an ultrapower of the Cuntz algebra O 2 . We let KEP denote the statement that the Kirchberg Embedding Problem has a positive solution. We refer the reader to our earlier paper [9] for a comprehensive treatment of this problem.
Definition 6.1. For any n, we let X n denote the space of all n-dimensional operator subspaces E ⊂ B(H) under the identification between E, F ⊂ B(H) if there is a linear bijection φ : E → F which extends to a * -isomorphism from C * (E) onto C * (F ).
We now introduce "weak" and "strong" topologies on X n which are analogous to the weak and strong topologies on OS n . Let P n,k be the set of all degree at most k, noncommutative * -polynomials in n variables p(x) = c ix α(i) with |c i | ≤ 1. Given E, F ∈ X n we say that a map φ :
where φ : E → F ranges over all unital, linear bijections. Finally, we set
where once again φ : E → F ranges over all unital, linear bijections. The following result is proven in the same way as its OS n counterpart (see [23, Proposition 16] ). Proposition 6.2. A sequence E i → E in the weak topology if and only if there is a map φ : E → ω E i which induces a * -isomorphism on the corresponding C * -algebras for any free ultrafilter on the natural numbers. The proof of the following proposition is straightforward and left to the reader. Proposition 6.4. The forgetful map G : X n → OS n is weak-weak and strong-strong continuous.
We need to recall the main result of [9] . By a condition we mean a finite set p(x) of inequalities of the form ϕ(x) < ǫ, where ϕ(x) is a quantifier-free formula in the language of C * algebras. We say that a condition p(x) is satisfiable if there is a C * algebra A and a tuple a from A of the appropriate length for which ϕ(a) A < ǫ holds for all inequalities ϕ(x) < ǫ belonging to p(x); in this case, we say that a satisfies p(x). We say that the (satisfiable) condition p(x) has good nuclear witnesses if, for any ǫ > 0, there is a C * algebra A and a tuple a from A of the appropriate length that satisfies p(x) and for which ∆ A nuc (a) < ǫ.
Theorem 6.5 (Theorem 3.7 in [9] ). KEP holds if and only if every satisfiable condition has good nuclear witnesses.
One last bit of notation: set EX n := G −1 (E n ). We are now ready to state our new equivalent reformulation of KEP. Theorem 6.6. KEP holds if and only if EX n is weakly dense in X n for all n.
Proof. First suppose that KEP holds and let E be an n-dimensional operator space contained in the unital C * algebra A. Fix a basis x = x 1 , . . . , x n of E and let p i ⊂ p i+1 ⊂ · · · be an increasing set of conditions satisfied by x so that i φ i is dense in the quantifier-free type of x. By [9, Proposition 3.5], for each i, there are exact C * algebras A i and tuples a i from A satisfying each p i . Without loss of generality, we may assume that each a i is linearly independent. Let E i denote the (exact) operator subspace of A i generated by a i . It is then straightforward to see that there is a linear bijection between E and ω E i which induces a * -isomorphism between C * (E) and C * ( ω E i ), whence E i converges weakly to E in X n .
Conversely, let p(x) be a satisfiable condition. Let a be a tuple from a C * algebra A that satisfies p(x) and suppose that E is the span of a. If E is n-dimensional, then by assumption there exists a sequence E i ∈ EX n so that E i → E weakly. Then ω E i and E are multiplicatively completely isomorphic, whence, by Proposition 6.2, there is an i for which p(x) is satisfied by some tuple a i from E i . Since ∆ nuc (a i ) = 0, we can conclude that KEP holds by the aforementioned main result of [9] .
In light of Theorem 6.6 and the fact that E n is weakly dense in OS n for each n, a positive answer to the following question would imply that KEP holds:
Question 6.7. Is the forgetful map G : X n → OS n open for each n?
The Local Lifting Property
Recall that a unital C * algebra A has the local lifting property (in the sense of Kirchberg) if, for every unital C * algebra C, every closed ideal J of C, every u.c.p. map φ : A → C/J, and every finite-dimensional operator subsystem X of A, there is a u.c.p. liftφ of φ|X, that isφ : X → C is u.c.p. and q •φ = φ|X, where q : C → C/J is the canonical quotient map. Replacing A by an operator system, we obtain the notion of the local lifting property for operator systems, denoted osLLP in [13] .
Fact 7.1 (Kavruk [13] ). If X is a finite-dimensional operator system, then X is 1-exact if and only if X * has osLLP. Corollary 7.2. The operator systems with osLLP are not uniformly definable by a sequence of types.
Proof. As in the proof of Theorem 4.2 and the remark following it, if the operator systems with osLLP are uniformly definable by a sequence of types, we would have that {E ∈ OSy n : E has osLLP} is weakly G δ . By taking operator system duals and using Fact 7.1, we would have that the 1-exact operator systems would be weakly G δ , obtaining a contradiction.
As in the case of exactness, the question of whether or not LLP for C * algebras is uniformly definable by a sequence of types is open. In the remainder of this section, we show that LLP is L ω 1 ,ω -axiomatizable in the language of C * algebras and prove that a related, weaker lifting property is uniformly definable by a sequence of types.
For the results stated in this section, it is necessary to make an innocuous addition to the language of C * algebras, namely we add a sort for U (A) N , the set of countably infinite sequences of unitaries from A. Since the set of unitaries in a C * algebra is (0-)definable and taking countably infinite products is part of the construction of the expansion of A by adding imaginaries, this change really is harmless. Definition 7.3. We say that a unital C * -algebra A has the approximate local lifting property (ALLP) if, for every u.c.p. map φ : A → C/J, every finitedimensional subspace E ⊂ A, and every ǫ > 0 there is a mapφ : E → C with φ cb < 1 + ǫ and satisfying φ| E − π J •φ| E < ǫ.
The ALLP seems a priori weaker than LLP; however, thanks to Kirchberg's tensorial characterization of the LLP [15] they may be seen to coincide.
Proposition 7.4. Let A be a unital, separable C * -algebra. The following statements are equivalent:
(1) A has the LLP; (2) A has the ALLP; 1(ii)] ). We will demonstrate that (3) ⇒ (4). For brevity of notation, let C = C * (F ∞ ).
Choose
We will show that z min = z max . Let E := span{z 1 , . . . , z n }. 
and we are done.
Corollary 7.5. Let A be a separable C * -algebra, and let θ : C * (F ∞ ) → A be a * -homomorphism which sends the canonical unitary generators onto a dense set of unitaries. Then A has the LLP if and only if the identity map on A has an approximate local c.b. lift through θ.
Let S n ⊂ C * (F n ) be the operator system spanned by the canonical unitaries and their inverses. Let S n,k ⊂ C * (F n ) be the operator system which is the k-fold product of S n,1 := S n with itself, i.e., S n,k := {x 1 · · · x k : x i ∈ S n , i = 1, . . . , k}. Proposition 7.6. The property of having LLP is L ω 1 ,ω -axiomatizable in the language of C * algebras.
Proof. Let A be a unital C * -algebra. For an n-tupleā ∈ A n , let E( a) := span{a 1 , . . . , a n } and let Φ n,m,k ( a) denote the set of linear maps φ : E( a) → S m,k . For v ∈ U (A) N , let π v : C * (F ∞ ) → A denote the * -homomorphism determined by mapping the canonical unitary u i of C * (F ∞ ) to v i and let By Beth definability (and the fact that S m,k is finite-dimensional), χ n,m,k,l is a definable predicate in the language of C * algebras. Now consider the L ω 1 ,ω -sentence We claim that A has the LLP if and only if ψ A n = 0 for all n. If A has the LLP, it is obvious that ψ A n = 0 for all n by the small perturbation argument as m,k S m,k is dense in C * (F ∞ ).
On the other hand, suppose that ψ A n = 0 for each n. We show that A satisfies condition (3) of Proposition 7.4. By assumption, for any tuple a and ǫ > 0 there exists v ∈ U (A) N , m, k and a sequence of maps φ ℓ : E( a) → S m,k with φ ℓ ℓ < 1 + ǫ and (π v • φ ℓ )( a) − a < 1 + ǫ. Now define φ := (φ ℓ )
• : E( a) → S ω m,k ∼ = S m,k .
It follows that φ cb ≤ 1 + ǫ and (π v • φ)( a) − a ≤ ǫ.
We consider the following weakening of LLP.
Definition 7.7. We say that A had the weak local lifiting property (WLLP) if, for each finite-dimensional subspace E ⊂ A and k, ǫ > 0, there exists a * -homomorphism π : C * (F ∞ ) → A and a map φ : E → C * (F ∞ ) with φ k < 1 + ǫ and π • φ − id E < ǫ.
It is immediate to see that LLP implies WLLP.
Proposition 7.8. The property of having WLLP is uniformly definable by a sequence of types in the language of C * algebras.
Proof. We continue with the notation of the previous proof. Set We then have that A has WLLP if and only if ρ A n,l = 0 for all n and l. It is clear that if A is CP-stable (see Section 5) and has WLLP, then A has ALLP, and hence LLP. In [9] , it is proven that CP-stability is equivalent to yet another weakening of LLP, namely the local ultrapower lifting property (LULP), where one only requires local lifts for maps into ultrapowers (which are, in fact, particular instances of quotients). We thus see: Proposition 7.9. LLP is equivalent to the conjunction of WLLP and CPstability.
Corollary 7.10. If CP-stability is uniformly definable by a sequence of types, then so is LLP.
It could be that B(H) has the WLLP, which by the aforementioned result of Junge and Pisier is not true for the LLP. In [21, Section 8], Ozawa poses the question of whether or not there is a non-nuclear C * algebra with WEP and LLP. We conclude by mentioning a strategy for obtaining a non-nuclear C * algebra with WEP and WLLP.
Proposition 7.11. Suppose that every C * algebra embeds into the ultrapower of a C * algebra with WLLP. Then either KEP has a positive solution or else there is a non-nuclear C * with WEP and WLLP.
Proof. We provide only a sketch, as the proof is similar to the proof of [9, Theorem 3.7] referred to in the last section. Indeed, since the (finitary) formulae appearing in each ρ n,l are existential and since the hypotheses of the Omitting Types Theorem hold by the assumptions of the proposition, we can find an existentially closed C * algebra A that has WLLP. Either A is nuclear (whence KEP has a positive solution by [9, Theorem 3.3] ) or else A is non-nuclear, WEP (by [9, Corollary 2.24] ) and has WLLP.
Assuming that every C * algebra embeds into the ultrapower of a C * algebra with WLLP is certainly more than is needed to make the assumptions of the Omitting Types Theorem hold in the previous proposition. Indeed, following the terminology of [9] , all one needs to assume is that every satisfiable condition is satisfied by a tuple with "good WLLP witnesses."
